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ABSTRACT
The aim of this study was to construct growth and yield models for lodgepole pine plantations
in Iceland. The data for modelling was measured during field work in the autumn 2008. The
data consists of tree and stand level characteristics. The tree level characteristics to be mod-
elled were: stem volume, height-diameter model and diameter increment. Correspondingly,
the plot level characteristics to be modelled were: dominant height–age relationship, diameter
distribution and natural self-thinning. Additional models for data preparation were needed for
difference between dominant height and stand mean height and for predicting stand age.
The hierarchical structure (plantations, stands, plots and trees) of the modelling data i.e. the
correlated measurements result in that the basic assumption about independent error term of
the model does not hold. Therefore mixed effect models were estimated with R-program. The
models were fitted with linear and non-linear model equations. The model forms were tested
and the best fitting forms were selected to be the prediction models for tree and stand charac-
teristics.
The models constructed in this study can be utilized for predicting tree and stand characteris-
tics for lodgepole pine in Iceland. Some of the models can also be calibrated for local condi-
tions because of the variance estimates of the random effects. The independent variables of
the models were selected from those variables which are normally collected during forest in-
ventories.
Keywords: diameter distribution, diameter increment, dominant height model, height model,
mixed models, self-thinning, stem volume model.
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TIIVISTELMÄ
Tutkimuksen tavoitteena oli laatia kasvu- ja tuotosmallit Islannissa kasvaville kontortamänty-
viljelmille (Pinus contorta). Mallinnusaineisto kerättiin syksyllä 2008 ja se koostuu maastossa
mitatuista puu- ja metsikkötasojen tunnuksista. Puutason malleja olivat yksittäisen rungon
tilavuusmalli, pituusmalli ja läpimitan kasvun malli. Vastaavasti kuviotasolle laadittuja malle-
ja olivat valtapituus-ikä-malli, läpimittajakaumamalli ja itseharvenemismalli. Mallinnusai-
neiston täydentämiseen tarvittiin apumalleja, jotka olivat ikämalli ja malli valtapituuden ja
keskipituuden erotukselle.
Mallinnusaineiston hierarkkisen rakenteen (viljelmä, kuvio/metsikkö, koeala, puu) vuoksi
mallinnusdatan havainnot olivat korreloituneita, joten oletusta mallien riippumattomista vir-
hetermeistä ei voida tehdä. Mallit laadittiin R-ohjelmistolla sekamalleina. Puu- ja metsikkö-
tasojen malleihin haettiin sopivia mallimuotoja testaamalla useita lineaarisia ja epälineaarisia
mallimuotoja.
Tässä tutkimuksessa laadittuja malleja on mahdollista käyttää kontortamännyn puu- ja met-
sikkötasojen tunnusten ennustamiseen Islannissa. Jotkin malleista ovat myös kalibroitavissa
paikallisiin oloihin paremmin sopiviksi. Mallien selittäjämuuttujat valittiin siitä muuttujajou-
kosta, mitkä mitataan normaalissa metsien inventoinnissa.
Asiasanat: itseharveneminen, läpimitan kasvun malli, läpimittajakauma, pituusmalli, sekamal-
li, tilavuusmalli, valtapituus-ikä-malli.
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51 INTRODUCTION
1.1 Forestry in Iceland
Forestry in Iceland does not have a long history. The land (103 000 km2) was quite treeless in
the beginning of the 18th century when the first planting trials and afforestation started. There
had been birch forests in Iceland when human settlement started in late 900th century. Wood-
land covered about 25–40 % of land area. The woodlands located mainly in sheltered valleys,
and inlands were willow tundra. The Viking settlers formed agrarian societies and they cut
down forests and burned shrubs to create fields and grazing land for sheep. Continuous sheep
grazing prevented efficiently regeneration and the area of woodland declined steadily
(Eysteinsson 2009). The only indigenous tree species is birch (Betula pubescens Ehrh.). The
altitudinal limit of tree growth is about 200–550 m in the case of native birch (Kristinsson
1995).
The goals of forestry since 1907 have been to protect native forests and to afforest treeless
land (Eysteinsson 2003). The potential area for afforestation is at least 30 000 km2 (Eysteins-
son 2009). During last 100 years the Icelanders have planted different tree species from many
provenances with similar length of rotation period than the vegetation in Iceland has. The seed
materials originate largely from northern Scandinavia, Alaska and Siberia (Loftsson 1993).
The seedlings of the first decades of planting have been mainly bare-root transplants and
planting have been carried out without any site preparation (Óskarsson & Ottósson 1990). The
provenance trials, on the contrary, were established to investigate which species are the most
suitable for Icelandic conditions. Information obtained from the experimental provenance
trials will also be used to improve forest management practices (Loftsson 1993).
Over-grazing by sheep has been a threat to afforestation in Iceland. Public awareness and
more controlled grazing have helped to increase forested areas that efficiently protect farms
from wind and soils from erosion (Loftsson 1993). Sheep grazing on the mountainsides has
caused change in vegetation. Former vegetation, willows, was browsed by sheep and after that
grasses colonized the slopes. The grasses could not maintain the soil in steep mountainsides,
and due to the absence of willow and other shrubs the soil  slid down hill.  These open scars
were very sensitive for wind erosion (Kristinsson 1995). The economical value of natural
6birch forests is less important, so more important are protective and recreational values. There
are also plans for timber production in some areas (Eysteinsson 2009).
Currently forests are established and maintained for fuel production even if the most impor-
tant source of renewable energy is in hydro and geothermal power. Nevertheless, the hydro or
geothermal power resources are not available in all parts of the country, and therefore there is
a certain demand for the biofuel type of domestic forest products (Röser & Sikanen 2007,
Eysteinsson 2009). The first wood chip burner has been built to Hallormsstað in 2009 and the
aim is to base its fuel supply on local wood chips if possible (Discussions with L. Heiðars-
son).
The growth and yield models of different tree species, e.g. lodgepole pine, in Icelandic cir-
cumstances are needed for the inventory calculations and predicting forest growth. The other
reasons for growing importance of the forest  inventory in Iceland are the lack of knowledge
of for example carbon stocks and social aspects of forestry (Eysteinsson 2009). There are also
some biomass models by Snorrason and Einarsson (2006) available for Icelandic conditions
and the application of those models require estimates of independent tree and stand variables.
Those variables can be measured from the forest but predictions of those variables into the
future require species specific growth and yield models. For example Pesonen (2006) has
done growth and yield models for Icelandic larch.
1.2 Lodgepole pine in Iceland
Lodgepole pine (Pinus contorta), or -'stafafura' in Icelandic, was introduced to Iceland in Hal-
lormsstaður in 1940. The first provenance originated from Smithers in British Columbia but
the most of seeds came from Skagway, Alaska. More provenance experiments were estab-
lished in the late 1950's and 1984 from which the latter one has not yet given any results of
suitability of provenances for plantations in Iceland. From previous trials the result is that the
coastal variety of P. contorta ('Shore Pine') has succeed both inland and coastal plantation
areas in Iceland (Loftsson 1993).
Lodgepole pine occupies a wide range of different climates and soils (Karlman 1981), and it
can therefore survive in the harsh nature of Iceland (Loftsson 1993). The climate in Iceland is
temperate and it is moderated by North Atlantic Current. Winters are mild and summers cool
(Skarphéðinsdóttir 2006). Lodgepole pines natural area of distribution covers a wide latitu-
7dinal zone from California (N 31°) to Yukon (N 64°15'). Any other pine species does not have
such a wide distribution. The species has a habitat tolerance from coastline up to 3900 m
above sea level in North America. That is why lodgepole pine has at least five geographical
subspecies: Rocky mountain (ssp. latifolia), Sierra-Cascade (ssp. murrayana), coastal (ssp.
contorta), Mentocino White Plain (ssp. bolanderi) and Del Norte (Karlman 1981).
Lodgepole pine has been planted in many plantations around Iceland. The northern Iceland
valleys with short growing seasons can be, however, considered as extreme conditions for the
species (Loftsson 1993). In Icelandic forest research it has been found that lodgepole pine is
not a very good competitor against other vegetation such as grass and this is a problem espe-
cially after planting lodgepole pine (Óskarsson & Ottósson 1990). In Iceland, lodgepole pine
stands can reach annual increments of 5–15 m3/ha/yr (Eysteinsson 2009).
For Icelanders lodgepole pine has become more famous and more important because it is a
popular Christmas tree (Loftsson 1993). The share of lodgepole pine of all planted seedlings
(5  million  pieces  per  year)  is  about  10  %.  Except  Christmas  trees,  lodgepole  pines  are  also
utilised as wood fuel (Eysteinsson 2003), which is one of Iceland's renewable energy re-
sources (Sigurðardóttir et al. 2004). For the last decade the amount of wood fuel harvested by
Iceland Forest Service has increased. The wood fuel can be supplied from selection cuttings in
birch forests or from thinnings in plantations (Eysteinsson 2009). In Iceland, the forest bio-
mass is an ecological and economical choice for other energy resources at short transport dis-
tances. A farm tractor and proper harvesting equipment with it are recommended technologies
for wood fuel supply. The farmers could harvest their forests as a side business with existing
machinery (Sikanen & Röser 2007).
1.3 Aims of the research
The aim of this research was to construct usable growth and yield models for lodgepole pine
plantations in Iceland. The modelled tree level characteristics were: stem volume, height-
diameter relationship and diameter increment. Correspondingly, the modelled plot level char-
acteristics to be were: dominant height–age relationship, diameter distribution and natural
self-thinning. Additional model for possible data preparation was needed for difference be-
tween dominant height and stand mean height.
82 MATERIAL
The field work was done in September and October 2008 in Iceland, which is situated be-
tween 63°23' N and 66°32' N. The working area consisted of seven geographical areas: Skor-
radal (forests of Stálpastaðir, Selskógur, Bakkakot and Stóra-Drageyri) and Norðtunga areas
in the west, Fnjóskadal valley (forests of Þórðarstaðaskógur and Vaglaskógur) and Sigríðar-
staðaskógur area in the north, village of Hallormsstað in the east, and Haukadal and Þjórsárdal
areas in the south (Figure 1). These seven geographical areas are considered as a grouping
element in modelling and are called as plantations from now on.
In west and in north the stands were selected from several separated forest areas. In the west
the forests locate around the lake Skorradalsvatn. In north the forests in Fnjóskadal valley
were separated from other valley where Sigríðarstaðaskógur is located. In east all stands were
located in one village and in the south there were two separate forest areas with distance of
about 40 km. All forests are located inland which means that there is 10–18 km distance to
fjord and about 25–55 km distance to shoreline. Despite of this all forests need to deal with
harsh weather such as strong wind. The location of the forests varies from flat ground to steep
mountainsides.
9Figure 1. The map of Iceland. The forest areas with names are study areas used in this re-
search. (The original maps were in http://www.skogur.is/thjodskogarnir and
http://en.wikipedia.org/wiki/Iceland)
The aim was to measure stands with as large variation of densities and ages as possible. The
amount of measured stands was dependent on the total area of lodgepole pine, i.e. more stands
were measured from the area with higher number of planted forest stands. The total number of
measured stands and plots are shown in Table 1. There were altogether 195 plots measured
from 86 stands. The total number of measured trees was 4477 individuals. The number of
felled stem analysis trees was 87, and the number of drilled trees was 276.
10
Table 1. The total amounts of measured stands, plots, trees, drillings and felled trees in every
study area.
Stands Plots Trees Drillings Stem analysis trees
Skorradal 16 36 886 53 15
Norðtunga 12 28 435 41 15
Fnjóskadal 10 28 491 32 9
Sigríðarstaðaskógur 6 13 506 22 6
Hallormsstað 18 36 751 52 18
Haukadal 15 33 925 46 12
Þjórsárdal 9 21 483 30 12
TOTAL 86 195 4477 276 87
The measurements considered only stands older than 15 years. The stands were chosen by
planting year and the old ones got more weight than younger ones in the selection.  The varia-
tion in different age classes can be seen in Figure 2. In the case of some stands there were also
pre-existing data for the determination of stand density. That knowledge was also utilised in
the stand selection. The pre-existing data was collected by the local forest organisation during
the latest forest inventory.
Figure 2. The frequency of measured plots in each geographical area in different age classes.
If the stand size was less than 0.5 ha, only one or two plots in maximum were measured. If the
area  of  the  stand  was  larger  than  0.5  ha  then  either  three  or  four  plots  were  measured.  The
plots were circular with a fixed radius of 5.64 m (i.e. the area of one plot is 100 m2). The plots
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were located in lines on stands as evenly as possible. The distance between plots was depend-
ent on the size of the stand. The distances between lines and plots were decided in forest so
that all plots fit in the stand with 2 m buffers. The distance between two plots was measured
by a measuring tape and the direction from other plots by a compass.
The radius (5.64 m) of one plot was measured by a forest worker tape. The tree was measured
if and only if its midpoint was within the plot. The stands were identified with plantation
number and stand identification number (id).  The  plots  in  one  stand  were  marked  with  the
running number from 1 to 4, respectively. Every tree on the plot was marked with the running
number. On every plot the over bark diameter at breast height (d1.3) of every living tree and
the height of the diameter median tree was measured. Also the heights (h) of the five thickest
trees and the height of the smallest diameter tree were measured on every plot. Dead and sup-
pressed individuals were also counted on every plot. Suppressed individuals were nearly dead
with a few green branches left and i.e. they were considered to die.
If there was a branch or some other defect at the height of 1.3 m, the diameter was measured
above it. All measured diameters on any height are over bark diameters. The minimum diame-
ter at breast height set for drilled trees was 5 cm. On every plot the tree nearest to the centre of
the plot was drilled with an increment borer at the height of 1.3 m. From the drilled chips the
widths of annual growth rings during whole life span were measured. The reason for drilling
was  to  get  diameter  increment  for  the  last  five  years,  not  the  age  at  breast  height.  The  bark
thickness of the drilled tree was also measured.
The  first  plot  of  every  third  stand  was  a  specific  sample  tree  plot.  All  the  aforementioned
measurements were also carried out on these plots with more intensive sample tree measure-
ments. On these plots trees were classified in 1 cm diameter classes and the height of one
sample tree in each class was measured. The diameter median tree, one of the five thinnest
and one of the five thickest trees were selected as stem analysis trees which were felled. The
stem analysis trees needed to be healthy and one topped. They also needed to be over 5 cm in
diameter. The three stem analysis trees were drilled and felled.
The felled stems were measured with measuring tape calibrated at height of 1.3 m. The meas-
ured tree characteristics were: total height, past five years height growth, stump height and
stump diameter. The relative heights (1, 2.5, 5, 7.5, 10, 15, 20, 30, 40, 50, 60, 70, 80 and
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90 %) for diameter measurements were calculated as percentages from the total height of the
tree.
Table 2. The minimum, maximum, mean and standard deviation S.D. of plot level observa-
tions for different variables.
Variable Mean S.D. Minimum Maximum
Mean diameter (cm) 13.4 3.9 4.4 28.9
Mean height (m) 8.1 2.4 3.1 17.6
Mean diameter weighted by basal area (cm) 14.9 4.0 5.3 30.0
Dominant diameter (cm) 18.1 4.4 6.3 33.3
Dominant height (m) 9.0 2.6 3.4 18.4
Basal area (m2/ha) 30.3 14.1 3.0 75.6
Density (stems/ha) 2152.3 951.0 600 6000
Stand age (years) 37.7 9.0 18.0 68.0
 Descriptive statistics for the sample plot data are given in Table 2. In this data dominant
height is the mean of height of the three thickest trees per plot, which is more than in the case
of the conventional definition of dominant height (100 trees per hectare) and needed to elimi-
nate the affects of small plot size on the characteristics. Dominant diameter is mean diameter
of these dominant height trees. Basal area is a sum of the cross-section areas at breast height
of each tree in the plot. Density is the number of trees per hectare. Stand age is the age start-
ing from the planting year. The model specific descriptive statistics are listed in Table 3.
Table 3. The minimum, maximum, mean and standard deviation S.D. of plot level observa-
tions for different variables.
Model and variables N Mean S.D.  Minimum Maximum
Height-diameter model (Eqns. 7 and 8)
tree height (m) 1487 8.091 2.648 1.5 18.8
diameter at breast height(cm) 1487 14.900 5.447 0.8 35.5
dominant height (m) 195 8.977 2.514 3.433 17.970
dominant diameter (cm) 195 17.136 4.071 6.233 32.130
age (yr) 86 37.553 8.915 18 68
Dominant height – age model (Eqn. 10)
dominant height (m) 195 8.977 2.514 3.433 17.970
age (yr) 86 37.553 8.915 18 68
Bark thickness model (Eqn. 12)
double bark thickness (cm) 272 0.434 0.208 0.2 1
diameter at breast height(cm) 272 13.901 4.570 4.8 26.5
density (stems ha-1) 195 2180 907 600 6000
Past 5-year diameter increment model (Eqn. 15)
diameter increment without bark for past 5-year period (cm) 272 1.426 0.522 0.3 3.07
diameter at breast height(cm) 272 13.901 4.570 4.8 26.5
13
age (yr) 86 37.553 8.915 18 68
Future 5-year diameter increment model (Eqn. 16)
diameter increment for 5 years (cm) 272 2.948 1.081 0.614 6.246
diameter at breast height(cm) 272 10.953 4.963 0.720 25.669
age (yr) 86 32.662 8.583 13 63
basal area of trees larger than subject tree (m2ha-1) 272 0.117 0.095 0 0.431
basal area of a stand (m2ha-1) 195 18.973 10.814 0.946 54.745
dominant height (m) 195 7.843 2.620 2.072 17.524
Diameter distribution models (Eqns. 17 and 19)
Weibull distribution b parameter 192 14.487 4.087 4.890 30.659
Weibull distribution c-parameter 192 4.875 1.526 1.951 9.850
mean diameter at breast height (cm) 192 13.274 3.859 4.389 28.875
age (yr) 192 37.468 8.883 18 68
dominant height (m) 192 8.921 2.549 3.433 17.970
Stem volume model (Eqn. 21)
volume of a stem (dm3) 87 75.278 61.239 5.857 260.39
diameter at breast height(cm) 87 13.479 4.837 5.4 24.8
tree height (m) 87 7.895 2.433 3.8 12.9
Self thinning model (Eqn. 23)
density (stems / ha) 56 2919.643 670.799 1800 4600
mean diameter at breast height (cm) 56 12.352 2.477 8.342 17.976
Stand age (Eqn. 25)
age (yr) 86 37.553 8.915 18 68
mean height (m) 86 8.186 2.489 3.300 17.560
Model of difference Hdom-Hmean (Eqn. 26)
dominant height (m) 192 8.977 2.514 3.433 17.970
mean height (m) 192 8.114 2.449 3.071 17.557
density (stems ha-1)) 192 2149.479 952.868 600 6000
age (yr) 192 37.515 8.961 18 68
3 METHODS
3.1 Principles of modelling tree and stand characteristics
In forestry, tree and stand characteristics are both measured in the field and predicted using
models. This is because some characteristics would be far too expensive or difficult to meas-
ure in the forest. The models are used to predict those missing values with other stand or tree
characteristics which are easier and cheaper to measure (Kangas et al. 2004). The modelling
by using other tree or stand characteristics as explanatory variables is based on the fact that
some relationships between characteristics are the same in different circumstances. The usage
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of these regularities between relationships of characteristic is called allometry (Kangas et al.
2004). When estimating stand-level characteristic such as growth and yield it is easy to use
stand-level models with independent variables which are easy to measure in forest inventory.
Another alternative for stand-level models is application of tree-level models connected with
diameter  distribution  of  a  stand  (e.g.  Eerikäinen  &  Maltamo  2003,  Huuskonen  &  Miina
2007).
There are some difficulties when constructing regression models. For example, the variation
in volumes of trees is bigger in the case of bigger trees with large diameter than trees with
small diameter (Korhonen & Eerikäinen 2001). This kind of problem with non equal vari-
ances is called heteroscedasticity (Lappi 1993). Another special feature is spatially hierarchi-
cal structure (plantations, stands, plots and trees) of the data.  Then the measurements of trees
in a same plot or same stand are assumed to be correlated (e.g. Lappi 1993, Eerikäinen
2001a). When the measurements are correlated the basic assumption about independent error
term (identically  distributed  and  normal  random variable  with  mean of  zero  and  equal  vari-
ance ?²) of the model does not hold (e.g. Lappi 1993).
The problems of heteroskedasticity of variances and spatial autocorrelation between explana-
tory variables in models can be solved by using generalized least squares method (GLS) in-
stead of ordinary least squares method (OLS) in modelling (e.g. Lappi 1993). In both of the
least squares methods the coefficients of the model are fitted so that the residuals (differences
between original  value  and  estimated  value  by  model)  are  as  small  as  possible  (Ranta  et  al.
1991). In OLS-method the residuals (random errors) of the model are assumed to be uncorre-
lated and they have fixed variance. When these assumptions are not valid, like in the case of
hierarchical structure of the data, it is preferred to use GLS-method (Lappi 1993).
Mixed models are a natural approach to solve spatial autocorrelation of hierarchical structured
data (e.g. Searle 1987). The mixed models consist of fixed parameters for fixed variables and
random parameters for random variables. The mixed models are similar to regular regression
model with additional random effects (Lappi 1993). Those random effects vary for example
between groups based on climatic or geographical differences (Lappi 1986). When taking this
advantage of these random effects the residual or random errors of the model get smaller than
with regular regression with fixed parameters. The fixed part of the model is estimated with
OLS- or GLS-method (Lappi 1993) and the random part of the model can be estimated with
maximum likelihood (ML) or restricted maximum likelihood (REML). The random effects
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are assumed to have normal distribution and constant variance (Lappi 1993). In this study the
models were constructed by using the R-program and its statistical applications (Pinheiro &
Bates 2000).
The random part of the mixed model can be used to calibrate the existing model with other
measurements and then estimate more values for that forest. For example when measuring
some tree heights from the plot, those measurements can be used to calibrate the height model
for estimating height values for the tally trees of the same forest (Kangas 2001b).  The mixed
model can be localized when used in application if there is at least one calibration measure-
ment (e.g. Lappi 1991, 1993; Eerikäinen et al. 2002; Mehtätalo 2004; Eerikäinen 2009).
When constructing models in forestry one focus is that models should be biologically logical.
For example negative values for diameter at breast height or tree height are impossible. The
models need to be biologically sound equations that present the trend of modelled characteris-
tics. The allometric relations keep their form when seeking parameters and mathematical
forms of the models (Eerikäinen 2001b).
A non-linear regression can be transformed to linear form for example by using logarithm of
the regression. The logarithmic transformation often homogenizes the variance over the whole
range of data (Flewelling & Pienaar 1981, Sprugel 1983). The logarithmic transformation of
the original equation requires a bias correction term to be added to prediction before trans-
forming it back to the original scale (e.g. Beauchamp & Olson 1973, Flewelling & Pienaar
1981, Lappi 1993). The correction term is an easy statistical tool to extract a systematic bias
and it should be used always with logarithmic transformations of allometric equations
(Sprugel 1983). The bias correction term for the logarithmic model is a half of the estimated
error  variance  of  the  model  where  is  the  variance  estimate  for  one  group of  random effects
and the variance estimate for random error of the model (e.g. Flewelling & Pienaar 1981,
Lappi 1993).
The models were evaluated by studying dependencies between measured variables and the
variable to be modelled at the time. The selected independent variables had to have logical
signs. The significance of parameter estimate was evaluated by testing whether the true value
of the parameter is zero or not. The test value was calculated by dividing the parameter esti-
mate by its estimated standard error. This ratio was compared to the t distribution with n-p
degrees of freedom, where n is the number of observations and p is the number of estimated
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parameters. The parameter was treated as statistically significant at 0.05 level if the absolute
test value was 1.96 when the p-value < 0.05 (e.g. Ranta et al. 1991, Van Laar & Akça 2007).
The residuals of the models were drawn as a figure and the residual variance was visually
evaluated. The residuals should have random constant variance patter around the value zero
(e.g. Kangas 2001a).
To investigate the accuracy of the model predictions the four reliability figures, the root mean
square errors, the absolute and relative means of residual (biases), were calculated (e.g. Kan-
gas 2001a) as follows:
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where n is number of observations, yi is observed value and ??ˆ is predicted value. It must be
noticed that when using these bias equations the model is overestimating the predictions when
bias in negative and the other way round the positive bias values indicate the underestimation
of the model predictions.
3.2 Construction of the models
3.2.1 Height-diameter relationship
In height-diameter (H-D) relationship, tree height or its transformation is explained by breast
height diameter or its transformations. Tree heights and diameters are needed to calculate tree
volumes (Laasasenaho 1982) and yield estimations (e.g. Cieszewski & Bella 1989). Addition-
ally, when predicting the development of diameter distribution there is a need to predict tree
heights of diameter class mid-point trees too for calculating total tree volumes and biomasses
for the stand (Eerikäinen 2003).
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A natural approach in predicting height-diameter curve is to fit a previously assumed curve to
observed data and this method has been widely used (Mehtätalo 2004). One example of popu-
larly used height-diameter models in Finland is Näslund's height model, where tree height is
predicted by transformations of tree diameter (Kangas et al. 2004).
In even-aged monocultures the height-diameter curve is steep in young forests and less steep
in older forests. The curve reaches its asymptote while forest gets to the end of the length ro-
tation (Eerikäinen & Korhonen 2001). The development of the height-diameter curves asymp-
tote can be bound to development of stands dominant height. The dominant height of a stand
as such can be used as an indicator for site quality (Eerikäinen 2001b). Generally lodgepole
pine differs from other tree species so that its height growth is highly influenced by stand den-
sity (Cieszewski & Bella 1989).
3.2.2 Dominant height - age relationship
The dominant height is normally the mean height of the heights of 100 thickest trees per hec-
tare (e.g. Kangas et al. 2004). The dominant height of the stand is easy to measure and it is a
good indicator for site quality as terms like stand growth rate and yield capacity. This can be
called as site index (SI) (e.g. Van Laar & Akça 2007). With this kind of connections the domi-
nant height can be used as predictor for other stand and tree characteristics (Eerikäinen 2003).
Site index is defined to be the dominant height of a stand in certain index or reference age.
Dominant height can be predicted from age and dominant height at the time of measurement
with site index curves. The dominant height development as a function of stand age is an S-
shape curve. The curve is steep in younger stands which grow fast before the curve comes less
steep near its asymptote. These curves are paralleled by productivity capacity (site classes) of
forest land (e.g. Cieszewski & Bella 1989, Kangas et al. 2004, Van Laar & Akça 2007). The
reference age need to be selected properly. One suitable choice is age slightly less than normal
rotation age (Van Laar & Akça 2007). In Nordic countries for conifers the reference age is 100
years and for birch 50 years (e.g. Kangas et al. 2004).
It must be remembered while using site index curves that they may not be suitable for young
or sparse forests. Especially in young forests the predictions of expected dominant heights in
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certain reference age are unreliable. In young stands there are more affecting factors, such as
weather, than just the potential productivity of the forest site (Van Laar & Akça 2007).  Site
index curves are species-specific because of different type of growing of different tree species
(e.g. Kangas et al. 2004).
The dominant height is the most stable height variable because it is not affected by thinnings
below (e.g. Saramäki 1992, Kangas et al. 2004). The asymptotic development of height-
diameter model is the level (an asymptotic maximum) that a height curve approaches as a
function of stand age on that particular habitat, and it can also be related to the development
of stand dominant height (Eerikäinen et al. 2002).
3.2.3 The diameter increment of an individual tree
The growth of a single tree in its past have been found a strong predictor for the future diame-
ter  increment  of  that  tree  (e.g.  Trasobares  &  Pukkala  2004,  Calama  &  Montero  2005).  The
difference between the diameter measured in the beginning and in the end of research period
is  usually  considered  as  diameter  growth  of  a  single  tree  (Van Laar  & Akça  2007)  and  that
method has been used with permanent plots with remeasurements with some interval (e.g.
Mabvurira & Miina 2002, Palahí et al. 2003, Trasobares & Pukkala 2004). The growth of an
individual tree can also be modelled with data which has over bark diameter increments
measured from a core. In this kind of case bark thickness is usually measured separately (e.g.
Calama & Montero 2005, Pesonen 2006).
The growth of an individual tree is also possible to model as increment of basal area and use it
as increment of individual tree. The growth of basal area can be converted to diameter with
their mathematical relationship (Hynynen et al. 2002). Diameter increment reaches its maxi-
mum in the early life of a tree and then it slowly decreases and reaches almost zero as the tree
gets  mature.  It  is  noticed  that  when  all  other  factors  are  held  constant  a  tree  of  certain  size
should gain a larger diameter increment on the more fertile site than on the less nutritious site.
Growth expectations should parallel by change of stand density and by the relative position of
the individual tree in a stand, so dominant trees in closed stand are expected to grow more
rapid than trees of lower canopy layer (Wykoff 1990).
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3.2.4 Bark thickness
The modelling of bark thickness is usually a part of a chain of models and data calculation
like in diameter increment studies by Ojansuu et al. (2002) and Pesonen (2006). In this study
the bark thickness was measured from at least  one tree per plot  resulting in at  least  one tree
per stand. There was a need for modelling bark thickness because bark thickness was a part of
calculations made for trees without past five year diameter increment measurements. This
information was for calculation of stand basal areas (G) and basal areas for trees larger than
measured trees (BAL) five years ago. These independent model variables can be seen as non-
spatial tree-level competition characteristics and they were tested in modelling of future di-
ameter increment. The chain of calculations for getting data for future 5-year diameter incre-
ment model is presented in Figure 3.
Figure 3. The idea of constructing future diameter increment model.
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3.2.5 Modelling diameter distributions
Theoretical diameter distribution models are used to predict stand diameter distributions in
forest inventory situations when empirical distributions are not measured. A diameter distribu-
tion of a stand is directly related to stand volume, which is an expensive variable to be meas-
ured in forest but an important variable to be known in forest management planning. The di-
ameter at breast height instead is easy to measure and also valuable variable for tree height
modelling for instance (Rennolls et al. 1985).
The theoretical distribution is usually a probability density function (pdf), which distributes a
stand attribute over size classes such as diameter at breast height. The probability density
function is a continuous function which is defined as a vector of parameters. The parameters
themselves do not usually have a straight biological meaning (Zhang et al. 2003). The distri-
butions can be weighted. The most popular weighting variable is tree basal area. If it is used
then the distribution is basal area diameter distribution. This gives more weight to larger and
more valuable trees (Eerikäinen & Maltamo 2003). The diameter distribution function pa-
rameters can be predicted by using regression models. In regression models stand characteris-
tics are used as explanatory variables (Maltamo 1998).
In  this  thesis  diameter  distribution  was  assumed  to  have  probability  density  function  of  the
Weibull form, which is one of the most popular density functions used in forestry (e.g. Mal-
tamo 1998). The Weibull function has two- and three-parameter versions and for the latter
version the parameters determine the location, scale and shape of the distribution. When using
two-parameter version of the Weibull distribution the location parameter a is set to zero (Bai-
ley & Dell 1973). Those parameters can be estimated in several different ways such as percen-
tiles or maximum likelihood (Van Laar & Akça 2007). In even-aged forests with unimodal
diameter distribution Weibull distribution has been used successfully for diameter distribution
modelling (e.g. Van Laar & Akça 2007). The large variety of shapes and degrees of skewness
make fitting of the Weibull distribution flexible. The cumulative distribution function (cdf) of
Weibull function is in closed form. The parameters of the Weibull function are also relatively
simple to predict (e.g. Bailey & Dell 1973, Rennolls et al. 1985, Knoebel et al. 1986).
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The two-parameter approach of Weibull distribution has been proved to be flexible and easy
to apply (Bailey & Dell 1973). In this version of Weibull there is no location parameter. The
two-parameter Weibull distributions probability density function of for random variable x is
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where b is the scale parameter and c is the shape parameter. These parameters do not have a
biological context (Bailey & Dell 1973).
In  the  first  stage  Weibull  function  parameters  for  empirical  diameter  distribution  which  has
been measured need to be estimated (Maltamo 1998). Maximum likelihood-method has been
used in many studies to estimate these parameters for each stand or plot in empirical data (e.g.
Bailey & Dell 1973, Rennolls et al. 1985, Forss et al. 1998). In maximum likelihood-method
the natural logarithm of the likelihood function of the Weibull density function is maximized
(e.g. Palahí et al. 2006).
The prediction models for Weibull parameters are constructed by using regression analysis.
This prediction model is used to estimate theoretical diameter distributions. The theoretical
diameter distribution parameters for inventory forest can be predicted by using measured
mean values of that stand. From this theoretical diameter distribution diameter classes and
their midpoints as artificial trees will be selected to present the tree stock. With these repre-
sentative  trees  it  is  possible  to  estimate  other  values  with  tree-level  growth  models  for  that
stand where only some mean values have been truly measured (Maltamo 2003).
All the Weibull distribution parameters can be modelled or just one or two of the parameters
are modelled and the parameters which are left are calculated with certain equations based on
the cumulative distribution function of the two parameter Weibull distribution (e.g. Forss et al.
1998):
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3.2.6 Volume of a stem
The volume of a tree has an allometric relationship to tree height and diameter at breast height
(Crow & Schlaegel 1988). The volume of a stem is needed when estimating total volume of
trees in a plot or a stand. In the most common type of equations the volume of a stem is ex-
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plained by either diameter at breast height or tree height or by both. Those variables are com-
monly and easily measured during forest inventory (Pohjonen 1991). In Finland
Laasasenaho's (1982) over bark volume equations for Norway spruce (Picea abies), Scots
pine  (Pinus sylvestris)  and  birch  (Betula pendula and B. pubescens) are widely applied and
they were the basis of constructing this model.
To get nationally valid volume equations there should be a large number of sample trees. The
volume equations should be able to calculate logical volume to trees of any size (Laasasenaho
1982). In this study there are 87 sample trees with intensive stem analysis measurements.
From those trees the accurate stem volumes were calculated by using spline interpolation in
stem taper formulation (Lether 1984, Eerikäinen 2001a). In spline interpolation the data
points (diameter-height points) are connected with piecewise rational function and the result
is a smoothed continuous taper curve. The taper curves for each tree were used to calculate
the volume of that tree (e.g. Kozak 1987, Eerikäinen 2001a). These spline-integrated over
bark single stem volumes were the observed volumes while constructing the models.
3.2.7 Self-thinning model
Mortality of trees is one factor affecting to productivity of the forest stand. Mortality of forest
can be divided to four categories: establishment mortality, density dependent mortality, pest
and disease mortality and different kind of damages. The models of regular mortality are tree-
wise or stand-wise (Saramäki 1992). For example Pukkala et al. (1998) utilized the model
form of mortality that Kellomäki & Nevalainen (1983) introduced: stand density is dependent
on mean stem volume of the stand. The theory behind this model form is that  the allometric
relationships between different part of a tree are tight connected to stand density (stem per
area unit) (Kellomäki & Nevalainen 1983).
Regular dying of trees is happening because of shading of other trees or because of too dense
forests. Self-thinning model is representing this kind of regular dying of trees. Self-thinning
models are stand-specific deterministic models.  The stand density gets never over the maxi-
mal limit because trees are dying when stand density and mean diameter reach self-thinning
limit (Miina 2001b). The self-thinning models can be used in growth simulators as an addition
to growth models to predict stand development when for example different treatments are
done (Hynynen 1993).
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This study focused on the density dependent mortality which can be called also as regular
mortality is considered and the model for maximal density (limit of mortality) of even-sized
trees in a stand is dependent on stand mean diameter. The data for this model was selected
from the main data used in this research. The selection criteria were number of dead trees on a
plot so that the plots with dead trees were selected. If the death had been caused by wind or
snow, the plots were not selected.
3.2.8 Additional models for forest inventory data to predict stand age and the difference
between dominant height and mean height
The age of a stand was calculated from planting year, so the age is not the biological age of an
individual tree in a stand. However, the data of forest inventory does not always include plant-
ing year, i.e. age information, for every stand. Age is necessary variable when simulating the
growth and yield, and it must be predicted if unknown.
The data from forest inventory may also lacking the information of stand dominant height.
The  dominant  height  is  possible  to  obtain  by  predicting  the  difference  between stand  domi-
nant  height  and  stand  mean height  (Huuskonen & Miina  2007).  In  their  research  the  differ-
ence between stand dominant height and mean height was explained by e.g. stand dominant
height, dominant diameter, stand density and basal area. Huuskonen & Miina (2007) also
found out that the difference between dominant height and mean height of a stand increased
with increasing dominant height. The increase of the difference was strongest before the
dominant height of 6 m and after that the increase of the difference was only slight.
4 RESULTS
4.1 Height-diameter model
The relationship between tree height and diameter at breast height was modeled with several
different model forms presented by Miina et al. (1998) and Schumacher (1939), for instance.
As a compromise, there were two different types of equations fitted to the data. The non-
linear model form used by Mabvurira & Miina (2002) got logical signs for the coefficients of
independent variables but the model gave overestimates for tree heights. The linear equation
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form selected, on the contrary gave practically unbiased predictions. The parametrisation of
the linear model was based on form used by Eerikäinen (2003) followed by Pesonen (2006).
Only the fixed parts of both models were utilized when calculating the residuals and reliable
figures in this study. Both of the models can be localized, if calibration measurements are
available, by utilizing the model components for random effects (see e.g. Lappi 1991, 1993).
The non-linear model form has a structure which ensures that the estimated height of the tree
of dominant diameter is equal to the measured stand dominant height. This kind of coercion is
suitable in models which are needed for example in simulation where it is important to bind
tree height to the development of stand dominant height. The linear model form does not have
this kind of explicit constraint to the dominant tree characteristics, and the development of the
height-diameter pattern is implicitly related to development of stand-level characteristics.
The non-linear mixed effect model for tree height was fitted with restricted maximum likelih-
ood (REML) -method in R program. The random effects of stand and plot level were signifi-
cant and they were included to the model. The non-linear tree height equation is as follows:
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in which ?0ij = ?0 + u0i + u0ij
where Hdom is dominant height (m), dijkl is diameter at breast height (cm), Ddomijk is dominant
diameter (cm), Tij is stand age (yr), ?0, ?1 and ?2 are the estimated parameters. u0ij are the ran-
dom effects of a stand and u0ijk are the random effects of a plot. From now on and i refers to
plantation, j refers to stand, k refers to plot and l refers to tree. The estimates for fixed parame-
ters and variance estimates of random effects of the non-linear tree height model are presented
in the Table 4.
The linear mixed effect model was fitted with REML -method in R program. The constant of
the model was not randomized but the coefficient of the variable combination of diameter at
breast height, dominant diameter and stand age was randomized to plantation, stand and plot
levels. The linear height-diameter model equation is
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where hijkl is the tree height (m), Hdom is the dominant height (m), Ddom is the dominant diame-
ter (cm), Tij is the age (yr) and ?ijkl is the random error term of the model. The random coeffi-
cients for plantations effects, stand effects and plot effects are u4i, u4ij and u4ijk, respectively.
?0, ?1, ?2, ?3 and ?4 are the estimated parameters. The estimates for fixed parameters and vari-
ance estimates of random effects of the linear tree height model are presented in the Table 4.
The linearised model form requires bias correction term to be added to the logarithmic height
prediction before it is transformed back to the original scale. The bias corrected height predic-
tion model is following:
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where )ˆln( ijklh  is  the  estimate  of  Eqn.  8,
2
4ˆ iu? is  the variance estimate of random plantation
effects, 24ˆ iju? is the variance estimate for the random stand effects, 24ˆ ijku?  is  the  variance  esti-
mate for the random plot effects and 2ˆ?? is the variance estimate of random error term of the
model.
Table 4. The estimates of fixed parameters, variance estimates of random effects and standard
errors of the non-linear and linear tree height models.
Non-linear model (Eqn. 7) Linear model (Eqn. 8)
Parameter Estimate Standard error t value p value Estimate Standard error t value p value
?0 0.9435 0.0898 10.5063 0  -0.0587 0.0184  -3.1862 0.0015
?1 -0.4889 0.0434 -11.2728 0 1.0041 0.0084 118.8990 0
?2 -0.0054 0.0022 -2.4483 0.0145 0.8464 0.2113 4.0061 0.0001
?3  -  -0.1693 0.0154  -10.9938 0
?4  -  -0.1765 0.0590 -2.9902 0.0028
?u0ij 0.0937  -
?u0ijk 0.1147  -
?u4i  - 0.0258
?u4ij  - 0.0136
?u4ijk  - 0.0317
?? 0.7740 0.0848
The coefficients of the two models are biologically logical and statistically significant (Table
4). The residuals of both model forms are presented in Figure 4. Both residual figures show a
slight trend in the residuals while tree height gets higher but the residuals of the linear model
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form are more homogenously distributed than the residuals of the non-linear model. The
goodness of fit figures of both model forms are shown in Figure 5. As seen in goodness of fit
figures and reliability figures (Table 5), both of the models are overestimating the tree heights.
The non-linear model overestimates tree heights with 3.66 % and the linear model with 0.24
%.
Table 5. The root mean square errors and bias figures of both model forms.
Non-linear model (Eqn. 7) Linear model (Eqn. 8)
RMSE, m 0.8267 0.7490
RMSE%, % 10.21 9.26
bias, m  -0.2962  -0.0198
bias%, %  -3.66  -0.24
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Figure 4. Residuals of the non-linear tree height equation (Eqn. 7) as a function of predicted
values on the left and respectively the residuals of the linear tree height model (Eqn. 8) on the
right.
Figure 5. The goodness of fit figures of tree height models. The non-linear equation (Eqn. 7)
is on the left and the linear equation (Eqn. 8) on the right, respectively.
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4.2 Dominant height-age model
The dominant height and age of lodgepole pine was modelled as a function of stand age.
There were several model forms tested while construction of dominant height model. The first
analysed model form was a half saturation model used by Cieszewski & Bella (1989) but it
did  not  fit  the  data  well  enough.  Then  the  Schumacher  (1939)  function  was  tested  as  non-
linear mixed effect model and the result was that random effects of stand level were statisti-
cally significant. The random effect of plantation level was not statistically significant and it
was not included to the model. In the final model form dominant height of a stand is predicted
with a non-linear function of inverse of stand age. The Schumacher equation (Schumacher
1939) has been used e.g. Lappi (1991) and Eerikäinen (1999). Also Palahí et al. (2004) were
researching different modifications of Schumacher function.
The non-linear mixed effect model was fitted by using REML -method in R-program. The
non-linear model form of Schumacher function is
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in which ?0ij = ?0 + u0ij and ?1ij = ?1 + u1ij
where Hdomij is the dominant height (m) of a plot and Tij is the age (yr) of a plot. ?0 and ?1 are
the estimated parameters, u0ij and u1ij are  random  parameters  for  stand  effects  and ?ij is the
random error term. A non-linear function does not need a bias correction. The model was es-
timated by using the plot-level measurements.
Table 6. The estimates of fixed parameters, variance estimates of random effects and standard
error of the dominant height-age model. ?u0ij u1ij is covariance estimate for random stand ef-
fects and ?u0ij u1ij  is estimate of correlation between random stand effects.
Parameter Estimate Standard error t value p value
?0 3.1669 0.0704 44.9400 0
?1  -35.7761 2.5000  -14.3102 0
?u0ij 0.2705
?u1ij 8.2334
?u0ij u1ij  -0.3579
?u0ij u1ij  -0.7616
?? 0.6584
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The model has biologically logical and statistically significant predictors at 0.05 level (Table
6). The coefficient for inverse of the predictor age has to be negative because the height
growth needs to slow down when tree gets older.
Figure 6. Residuals of dominant height-age equation (Eqn. 10) as a function of predicted val-
ues.
The RMSE of this model is 0.5177 m and RMSE% is 5.77 %. The bias is -0.0178 m so the
model predictions overestimate the average dominant heights with 0.20 %. The residual figure
(Figure 6) indicates that the model fits data well. The residuals do not have any trend over the
range of predicted dominant height.
In Figure 7 can be seen that predicted dominant heights are close to measured dominant
heights because the dots are close to line drawn in the figure. This kind of goodness of fit fig-
ure indicates that model fits well in data on the whole range of measured dominant heights.
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Figure 7. The goodness of fit figure of stand dominant height-age model (Eqn. 10). The dots
present predicted stand dominant heights as a function of measured stand dominant heights.
4.3 Bark thickness model and diameter increment models for last 5-years period and for
the future
4.3.1 Bark thickness model
The information about bark thickness was needed to get diameters without bark for present.
With this model bark thickness can be predicted for trees without measured bark thickness.
The logarithm of double bark thickness was explained by diameter at breast height and the
logarithm of stand density. Stand age, stand mean breast height diameter and their transforma-
tions  were  also  tested  as  explanatory  variables  for  the  model  but  they  were  not  statistically
significant at 0.05 level. The random parameters for stand or plot effects were not statistically
significant and they were left out of the final model and only the random effect of plantation
was included to the bark thickness model. The linear mixed effect model was constructed by
REML-method. The bark thickness model is:
ijklijkijkliijkl Ndb ???? ?????? )ln()2ln( 210 [11]
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where 2bijkl is the double bark thickness (cm) at breast height and dijkl is diameter (cm) of an
individual tree and Nijk is the density (stems ha-1). ?0, ?1 and??2 are the estimated parameters,
u0i is the random parameter for plantations level effects (between plantations) and ?ijkl is the
random error term. The estimates for fixed parameters and variance estimates of random ef-
fects of the bark thickness model are presented in the Table 7.
The logarithmic transformation requires a bias correction term. After bias correction and
transformation the predictions back to original scale the result of the non calibrated model is a
prediction for double bark thickness
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where )ˆ2ln( ijklb is the prediction for double bark thickness (cm) obtained by Eqn. 11,
2
0ˆ iu? is
the variance estimate of random plantation effect and 2ˆ?? is the variance estimate of random
error term of the bark thickness model.
The bark thickness model can also be calibrated for each plantation (Figure 1) used in this
study. The calibration component is calculated from at least one bark thickness measurement
from sample trees on plantation. The estimate for the random plantation effect iu0ˆ is:
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where 20ˆ iu? is the variance estimate of random plantation effect and 2ˆ?? is the variance estimate
of random error term of the bark thickness model, )ˆ2ln( ib  is the mean of observed logarith-
mic double bark thicknesses and )ˆ2ln( ib is mean of estimated logarithmic bark thicknesses
obtained with the fixed part of the Equation 12 for observed ones. For the calibrated model
the non-logarithmic bark thickness after bias correction comes as follows:
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where )ˆ2ln( ijklb is the predicted logarithmic value for double bark thickness of an individual
tree estimated with model of Equation 12.
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Table 7. The estimates of fixed parameters and variance estimates of random effects of the
bark thickness model.
Parameter Estimate Standard error t value p value
?0 -0.6982 0.5242 -1.3319 0.1840
?1 0.0553 0.0057 9.6460 0
?2 -0.1327 0.0640 -2.074 0.0392
?u 0.0753
?? 0.3889
The estimates of bark thickness model fixed coefficients (Table 7) are all statistically signifi-
cant at 0.05 level except the constant of the model. The coefficients are biologically logical:
the bigger the breast height diameter of a tree the thicker the bark must be and in dense forests
the bark grows less partly because of smaller diameters.
Figure 8. The residuals of bark thickness model (Eqn. 12) as a function of predicted values.
The residuals of the bark thickness model are shown in Figure 8.  Because the measured bark
thickness was measured in millimetres the observations cause steps or straight lines both in
goodness of fit figure (Figure 9) and residual figure. These steps are not caused by the model
itself but only the original data. If the dependent variable has integer values, like bark thick-
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ness in this case, the residuals locate in straight lines with a slope of -1 when they are plotted
as a function of predicted values (Lappi 1993).
The RMSE of bark thickness model is 0.1614 cm and RMSE% is 37.14 %. The bias is
0.0291 cm so the model underestimates the average of bark thickness predictions with
6.70 %. As seen in Figure 9 the goodness of fit  of the model does not fit  the data very well
because the variation of estimates is not homogeneous over the range of observed bark thick-
nesses. The model underestimates bark thicknesses especially for large diameter trees.
Figure 9. The goodness of fit figure of bark thickness model (Eqn. 12). The black dots pre-
sent predicted values by the model as a function of bark thickness measurements.
4.3.2 Past five year diameter increment model
The last five years radial growth was measured from drilled chips. With the measured past 5-
year diameter increment it is possible to construct a model for the future 5-year diameter in-
crement (e.g. Calama & Montero 2005, Pesonen 2006). A non-linear mixed effect model by
Pesonen (2006) was used to model the past five year diameter increment.
In the model the past five years diameter increment was dependent variable and the explana-
tory variables were breast height diameter of a tree and age of a stand. Also other independent
variables such as dominant height and density of a stand and their transformations were tested
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but the results were not satisfying. In random effects the plot level did not become statistically
significant so it was left out of the model and the random effects of plantation and stand were
taken into the model. The non-linear mixed effect model was fitted with REML-method in R
program. The model equation is
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where idubijkl is past five-year under bark diameter increment (cm), dijkl is breast height diame-
ter of a tree (cm) and Tij is a stand age (yr). ?0, ?1 and ?2 are estimated parameters, u0i are ran-
dom parameters for plantation effects, u0ij and u2ij are random parameters for stand effects and
?ijkl is the random error term. The estimates for fixed parameters and variance estimates of
random effects of the past 5-year diameter increment model are presented in the Table 8.
Table 8. The estimates of fixed parameters and variance estimates of random effects of the
past 5-year diameter increment model. ?u0ij u2ij is covariance estimate for random stand effects
and ?u0ij u2ij is estimate of correlation between random stand parameters.
Parameter Estimate Standard error t value p value
?0 0.9885 0.08144 12.1372 0
?1 2.6483 0.3419 7.7460 0
?2 -0.0698 0.0091 -7.6890 0
?u0i 0.0586
?u0ij 0.3655
?u2ij 0.0292
?u0ij u2ij  -0.003
?u0ij u2ij  -0.836
?? 0.3329
The RMSE of past five year diameter increment model is 0.5243 cm and RMSE% is 18.39 %.
The bias is 0.0070 cm so the model underestimates the average of past 5-year diameter incre-
ment predictions with 0.2446 %. The residuals of past 5-year diameter increment model as a
function of predicted values are shown in Figure 10. There are no trends between the residuals
and explanatory variables and the residuals are homogeneous. This is a result of a good model
which fits the data well.
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Figure 10. The residuals of past 5 year diameter increment model (Eqn. 15) as a function of
predicted values.
The goodness of fit figure of the past 5-year diameter increment model is shown in Figure 11.
Predicted values of the model equation and measured true values vary a little but the variation
of the estimates is homogeneous. According to the goodness of fit figure it seems that the
equation gives underestimations in the case of large diameter increments and slight overesti-
mates in a case of small diameter increments.
This model equation was applied as a full form when predicting past five years diameters in-
crements for tally trees without diameter increment measurements. The random effects of
plantation and stand levels are taken into account.
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Figure 11. The goodness of fit figure of past five year diameter increment model (Eqn. 15).
The black dots present predicted values by the model as a function of past 5-year diameter
increment measurements.
4.3.3 Diameter increment model for the future
This model was for predicting the diameter growth of an individual tree in 5-year periods in
the future. A same kind method has been earlier used by e.g. Ojansuu et al. (2002), Calama &
Montero (2005) and Pesonen (2006). In the model the over-bark diameter increment of five
years period was the dependent variable. To get these over-bark increments following calcula-
tions were done. For drilled trees on every plot the barkless diameter five years ago was cal-
culated. At first a present barkless diameter (dub ijkl, cm) was calculated by subtracting the
double bark thickness (2bijkl, cm) from measured over bark diameter (dijkl, cm).  Then meas-
ured five years diameter increment (idub ijkl, cm) was subtracted to get the barkless diameter
five years ago (dt-5ub ijkl, cm).
The relative amount of bark was assumed to be same now and five years ago. The mean of
relative amount of bark was 3.21 % of the tree diameter of all measured bark thicknesses. So
the bark thickness five years ago was calculated by using the relation of present bark thick-
ness  and  diameter  of  a  tree.  The  over-bark  diameter  five  years  ago  is  a  sum of  double  bark
thickness and barkless diameter five years ago (Calama & Montero 2005, Pukkala 1989). This
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over-bark diameter five years ago (dt-5ob ijkl, cm) was subtracted from present over-bark diame-
ter to get the over-bark diameter increment for the five-year (idob ijkl, cm) period.
All of the independent variables tested for the model needed to be calculated for the situation
five  years  ago  which  is  considered  as  the  starting  point  of  next  five  years  period.  Stand  age
(Tij) was only decreased by five years. The dominant height (Hdom ij, m) was calculated with
dominant height-age equation (Eqn. 10) with an explanatory variable stand age five years ago.
The basal area of trees larger than the measured tree (BALijkl,  m2 ha-1) and basal area (Gijk,
m2ha-1) were calculated from all measured tally trees. Their over bark breast height diameters
were obtained with estimates of bark thickness equation (Eqn. 12) and past 5-year diameter
increment equation (Eqn. 15).
The model forms used earlier by Wykoff (1990), Palahí et al. (2003), Mabvurira & Miina
(2002), Trasobares et al. (2004) and Trasobares & Pukkala (2004) were tested but they did not
fit this data. Also several independent variables (d, G, BAL, N, T, Hdom) and their transforma-
tions were tested for the model and it was figured out that diameter or its transformations did
not get often logical sign for the fixed parameter.
The future diameter increment model used by Pesonen (2006) fitted well into the data. The
model is also functioning biologically logical. The non-linear mixed effect model was fitted
by using REML -method in R-program. The non-linear model equation is
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in which ?0i = ?0 + u0i
where idobijkl is the predicted over bark diameter increment (cm) in five years, Tij is the age (yr)
of a stand, BALijkl is the basal area (m2ha-1) of trees larger than the subject tree, Gijk is the
basal area (m2ha-1), Hdomijk is the dominant height (m), ?0 and ?1 are estimated parameters, u0i
is the random parameter for stand effects (between stands) and ?ijkl is the random error term.
The estimates for fixed parameters and variance estimates of random effects of the future 5-
year diameter increment model are presented in the Table 9.
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Table 9. The estimates of fixed parameters and variance estimates as random effects of the
future 5-year diameter increment model.
Parameter Estimate Standard error t value p value
?0 1.0985 0.0590 18.5886 0
?1 35.3926 18.2602 1.9382 0.0541
?2 -0.0001 0.0000 -6.9655 0
?u0i 0.2029
?? 0.4087
The parameter estimates of the model are biologically logical. All of them are statistically
significant at 0.05 level except the parameter estimate of the combination of BAL, G, T and
Hdom. Despite this fault this model form was selected to be a better option than the other mod-
els of which the independent variables did not get logical signs or they were not statistically
significant predictors.
The residuals of the future 5-year diameter increment model are presented in Figure 12. The
residuals are homogenously distributed over the range of predicted diameter increments and
no trend can be detected.
Figure 12. The residuals of future 5-year diameter increment model (Eqn. 16) as a function of
predicted values.
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Figure 13. The goodness of fit figure of future 5-year diameter increment model (Eqn. 16).
The black dots present predicted values by the model as a function of diameter increment
measurements of the 5-year period.
The goodness of fit figure of the future 5-year diameter increment model is presented in Fig-
ure  13.  It  indicates  that  the  future  diameter  increment  prediction  model  gives  overestimates
for small and middle sized trees and underestimates for large trees. The RMSE of the future 5-
year  diameter  increment  model  is  0.5953  cm  and  the  RMSE% is 20.19 %. The bias of this
model is -0.0025 cm so the model overestimates the average of past 5-year diameter incre-
ment predictions with 0.08 %.
The biologically logical functioning of the future 5-year diameter increment model was tested
by estimating the diameter increments for all independent variables of the model. When one
variable was in the test the rest of the variables were kept constant. As an example of this test-
ing  in  the  Figure  14  can  be  seen  the  behavior  of  the  diameter  increment  estimates  with  two
different ages. The black line represents younger forest and it attests the fact that the diameter
increment is greater in younger forest than in older forest. The grey line is, respectively,
representing older forest stand.
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Figure 14. The  behavior  of  the  future  5-year  diameter  increment  model  (Eqn 16).  The  esti-
mates are calculated for two different ages T1 >  T2 meanwhile the other variables are kept
constant. The black line represents the age T2 and the gray line represents the age T1.
4.4 Models for Weibull distribution parameters b and c
In actual model development there were two methods tested. First one is a model fitted for the
scale parameter b and the shape parameter c was calculated analytically with an equation
modified from the cumulative distribution function (Eqn. 6) of Weibull. The second method is
to construct a model for both parameters. The error index of Reynolds et al. (1988) was ap-
plied to evaluate the results of these two methods. This error index is a sum of absolute differ-
ences between the measured and predicted frequencies of trees in a certain diameter class.
These differences are weighted with stand density (Reynolds et al. 1988). The same error in-
dex evaluation has been used by e.g. Zhang et al. (2003) and Maltamo et al. (2009).
The error index evaluation showed that fitting prediction models for both Weibull parameters
is better method. The both models were fitted with linear mixed effect models tool and
REML-method in R-program. The logarithmic transformations of mean height of a stand
(Hmean)  and  density  (N) were tested as explanatory variables of the prediction model of pa-
rameter b but  they  were  not  statistically  significant  at  0.05  level  or  they  did  not  get  logical
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sign. The logarithm of b-parameter was explained with logarithms of both dominant diameter
of a plot and dominant height of a plot. The third explanatory variable is the inverse of stand
age. The random effects were statistically significant on plantation and stand level and those
were taken into the model. The final model form for parameter b is following:
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in which ?0ij = ?0 + u0i + u0ij
where bijk is the parameter b, Dijk  is the arithmetic mean diameter (cm) of the plot, Hdom ijk is
the dominant height (m), Tij is the age (yr), ?0, ?1, ?2 and ?3 are estimated fixed parameters. u0i
and u0ij are the random plantation (between plantations) and stand effects (between stands),
respectively and ?ijk is the random error term. The estimates for fixed parameters and variance
estimates of random effects of the Weibull b-parameter model are presented in the Table 10.
After bias correction and transformation the predictions back to original scale the result of the
non-calibrated model is a prediction for Weibull parameter b:
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where )ˆln( ijkb is  the  estimate  of  Eqn.  17,
2
0ˆ iu? is   the  variance  estimate  of  plantation  random
effects, 20ˆ iju? is the variance estimate for the stand random effects and 2ˆ?? is the variance esti-
mate of random error term of the parameter b model.
Table 10. The estimates of fixed parameters and variance estimates of random effects of the
Weibull parameter b model.
Parameter Estimate Standard error t value p value
?0 0.2120 0.0238 8.9055 0
?1 0.9347 0.0076 122.2710 0
?2 0.0294 0.0090 3.2566 0.0015
?3 -0.6643 0.2941 -2.2585 0.0267
?ui 0.0051
?uij 0.0058
?? 0.0121
The RMSE of Weibull parameter b model is 0.1679 and RMSE% is 1.16 %. The bias of the
model is -0.0011 and so the model overestimates the average parameter b predictions with
0.008 %.
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The model for predicting b-parameter  has  statistically  significant  predictors  at  0.05  level  as
seen in Table 10. The residuals of the model in Figure 15 are those residual obtained from
bias-corrected and back to original scale transformed parameter b value estimates.  The good-
ness of fit figure (Figure 16) indicates good estimates of b-parameters predicted by the model
when compared to the measured parameter b values. The model fits very well in the data and
variation of estimates is fairly homogeneous over the range of parameter b values.
Figure 15. The residuals of Weibull parameter b model (Eqn. 17) as a function of predicted
values.
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Figure 16. The goodness of fit figure of Weibull parameter b model (Eqn. 17). The black dots
present predicted values by the model as a function of parameter b measurements.
The logarithm of parameter c was explained by stand mean diameter. Other stand characteris-
tics (Hmean, Hdom, N, T) were not statistically significant as explanatory variables at 0.05 level
or they did not get a logical sign. The random effects of plantation and stand became statisti-
cally significant also in this model like they did in Weibull parameter b prediction model. The
model form is following:
ijklijijij Dc ??? ???? )ln()ln( 10 [19]
in which ?0ij = ?0 + u0i + u0ij
where cij is the Weibull c -parameter, Dij  is the arithmetic mean diameter (cm), ?0 and ?1 are
estimated fixed parameters. u0i and u0ij are  the  random plantation  (between plantations)  and
stand effects (between stands), respectively and ?ijkl is the random error term. The estimates
for fixed parameters and variance estimates of random effects of the Weibull c-parameter
model are presented in the Table 11.
After bias correction and transformation the predictions back to original scale the result of the
non calibrated model is a prediction for Weibull parameter c:
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where )ˆln( ijc is the estimate of Eqn. 19,
2
0ˆ iu? is the variance estimate of plantation random ef-
fects, 20ˆ iju? is  the  variance  estimate  for  the  stand  random  effects  and 2ˆ?? is the variance esti-
mate of random error term of the parameter c model.
Table 11. The estimates of fixed parameters and variance estimates of random effects of the
Weibull parameter c model.
Parameter Estimate Standard error t value p value
?0 0.0355 0.1915 0.1854 0.8533
?1 0.5847 0.0734 7.9692 0
?u0i 0.0928
?u0ij 0.1306
?? 0.2246
As seen in Table 11, the constant of the model is not statistically significant at 0.05 level (p-
value is 0.8533) but it was left to the model because there was no need to force the model to
go through origin. The RMSE of Weibull parameter c model is 1.000 and RMSE% is 20.51 %.
The bias is -0.0403 and the model overestimate the average predictions of the Weibull c-
parameter with 0.83 %.
The residuals of prediction model of Weibull parameter c are presented in Figure 17. As seen
in the figure the residuals get larger when predicted parameter gets larger. This heterogeneity
is a consequence of bias correction and transformation back to the original scale of parame-
ter c predictions.
Figure 18 shows the differences between the Weibull parameter c values predicted (black
dots) with the model (Eqn. 19) and calculated analytically (grey dots). The goodness of fit line
fits better to those values which are predicted with the model. The Reynolds et al. (1988) error
index results are then visually confirmed. The predictions are not homogeneously distributed
over the range of measured parameter c values but these predictions are acceptable because
they are better than the results of the alternative method.
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Figure 17. The residuals of Weibull parameter c model (Eqn. 19) as a function of predicted
values.
Figure 18. The goodness of fit figure of Weibull parameter c model (Eqn. 19). The black dots
present predicted values by the model  as a function of parameter c measurements. The grey
dots present the analytically calculated parameter c estimates as a function of measured pa-
rameter c values.
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4.5 Stem volume model
The volume of each stem was calculated by spline interpolation using measured diameters
and heights (e.g. Lether 1984, Eerikäinen 2001a). These volumes were then used as dependent
variables  of  the  volume  model.  The  stem  volume  over  bark  was  estimated  as  a  function  of
diameter at breast height and total tree height. The logarithm of this allometric volume equa-
tion has been used by e.g. Laasasenaho (1982), Pohjonen (1991) and Forss et al. (1998). The
model was fitted by using restricted maximum likelihood (REML) in R-program. The random
effects were estimated only at the stand level (between stands) because parameters for random
plantation and plot effects they were statistically insignificant.
The equation is
ijklijklijklijijkl hdv ???? ?????? )ln()ln()ln( 210 [21]
in which ?0ij = ?0 + u0ij
where vijkl is stem of an individual tree (dm3), dijkl is diameter (cm) of an individual tree, hijkl is
height (h) of an individual tree (m). ?0, ?1 and ?2 are estimated parameter, whereas u0ij is the
random parameter for stand effects and ?ijkl is the random error term of the model.
The logarithmic transformation of the model requires a bias correction added before transfor-
mation of the estimates back to original scale.  For uncalibrated model the bias-corrected pre-
dictor for single stem volume is:
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where ijklvˆ is the predicted volume (dm3) for a single stem obtained with Equation 21, 20ˆ iju? is
the variance estimate for the random stand effects and 2ˆ?? is the variance estimate for the ran-
dom error of the model. The estimates for fixed parameters, random stand effects and random
errors of the single stem volume model are written in Table 12.
Table 12. The estimates of fixed parameters and variance estimate of random stand effect of
the single tree volume equation.
Parameter Estimate Standard error t value p value
?0 -2.4400 0.0595 -41.0356 0
?1 1.8514 0.0335 55.2410 0
?2 0.8394 0.0442 18.9856 0
?u0ij 0.0244
?? 0.0729
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The parameters for independent variables in the single stem volume model are biologically
logical. The positive response between tree diameter and stem volume are logical, a tree with
larger diameter has naturally larger volume. Also tree height and volume have positive rela-
tionship: a taller tree has larger volume. The residuals shown in Figure 19 are not the residuals
of logarithmic scale and that explains heteroscedasticity of residuals with larger stem vol-
umes. These residuals are obtained for bias-corrected and back-transformed estimated values
of dominant height.
Figure 19. Residuals of single tree volume equation (Eqn. 21) as a function of predicted val-
ues.
The RMSE of this model is 5.410 dm3 and RMSE% is 7.19 %. The bias of the stem volume
model is -0.134 dm3 so the model overestimates the average single stem volume with 0.18 %.
The goodness of fit figure (Figure 20) indicates good estimates of stem volume predicted by
the stem volume model when compared to the measured stem volumes. The model fits well in
the data and variation of estimates is fairly homogeneous over the range of stem volumes.
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Figure 20. The goodness of fit figure of single stem volume model (Eqn. 21). The black dots
present volumes predicted with the model as a function of measured volumes.
4.6 Self-thinning model
The logarithm of maximum stand density was explained by the logarithm of mean diameter.
Other variables tested as independent variables were mean height (Hmeanij) of a stand and
stand age (Tij) and their transformations. The model was fitted in R with a linear model fitting
tool. The linear model form is
ijijij DN ??? ??? )ln()ln( 10 [23]
where Nij is the maximum density of the stand (stems ha-1) and Dij is the arithmetic mean di-
ameter (cm) of the stand. ?0 and ?1 are the estimated parameters and ?ijkl is the random error
term. Because of the logarithmic transformation of the predicted variable, there should be a
bias correction term added before transforming the predicted values to the original scale. The
parameter estimates and variance estimate for random error are presented in Table 13.
After bias correction and transformation the predictions back to original scale the result of the
model is a prediction for maximum stand density
? ??
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where ???ˆ  is the random error term of the self-thinning model.
Table 13. The estimates of fixed parameters and standard error of self-thinning frontier
model.
Parameter Estimate Standard error t value p value
?0 9.1818 0.3429 26.775 <2e-16
?1 -0.4919 0.1371 -3.589 0.0007
?? 0.2007
The RMSE of self-thinning model is 595.3711 stems ha-1 and  the  RMSE% is 20.39 %. The
bias of the model is -0.5551 stems ha-1 so the model overestimates the average predictions of
stand density with 0.02 %.
The residuals shown in Figure 21 are obtained after bias correction and back-transformation
to the original scale.  Because of the logarithmic transformation of the dependent variable Nij
the residuals are not homogeneously distributed over the range of estimated values of stand
density.
Figure 21. The residuals of self-thinning model (Eqn. 23) as a function of predicted values.
As seen in Figure 22. the self-thinning model gives logical results: smaller diameter tree can
have bigger stand density and larger diameter trees cannot grow in such dense forests. The
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stands with mean breast height diameter of 5 cm can have over 4000 stems ha-1. On the other
hand it looks like the stands with mean breast height diameter of 20 cm can have about 2000
stems ha-1.
Figure 22. The self-thinning frontier as a function of stand mean diameter. The black dots
present measured values used in modelling. The solid black line presents the limits of model-
ling data and the dashed lines present extrapolated values.
4.7 Additional models for forest inventory data
4.7.1 Model for predicting stand age
The missing values for stand age can be predicted with an assisting model. The tested inde-
pendent variables (Hmeanij, Nij, Tij) were chosen because those are measured in Icelandic forest
inventory. Mean height of a stand was statistically significant explanatory variable at 0.05
level in all models that were in trial. Stand density seemed not to be statistically significant
(p-value 0.0859) predictor so it was not included to the model. In the final model the stand
age is explained by the mean height of the stand. The linear regression model was constructed
by OLS-method. The model form for stand age is
ijmeanij HT ??? ???? 10 [25]
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where Tij is stand age (yr), Hmean is stand mean height (m), ?0 and ?1 are estimated parameters
and ?ij is models random error term. The parameter estimates and the variance estimate for
error of the model are presented in Table 14.
Table 14. The estimates of fixed parameters and standard error.
Parameter Estimate Standard error t value p value
?0 12.5516 1.7948 6.993 6e-10
?1 3.0859 0.2099 14.704 <2e-16
?? 4.815
The coefficients (Table 14) of the age prediction model are biologically logical. According to
the model coefficients when the mean height gets higher the stand gets older. The model gives
never negative values for predicted stand age. The residuals of the age model are shown in
Figure 23. The residuals do not show any trend but they are not homogeneously distributed
over the range of predicted stand ages either.
Figure 23. Residuals of stand age model (Eqn. 25) as a function of predicted stand ages.
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Figure 24. The goodness of fit figure of stand age model (Eqn. 25). The black dots present
predicted values by the model as a function of stand age measurements.
The RMSE of the model is 4.759 year and the RMSE% is 12.59 %. The bias of the model is 0.
The linear model form fits quite well in the data. In goodness of fit figure (Figure 24) can be
seen that the predictions of the model are good. The variation of estimated stand age values is
homogeneous over the range of original measurements.
4.7.2 Model for the difference between dominant height and mean height of a stand
The predictor for the difference between stand dominant height and mean height was con-
structed based on the approach by Huuskonen & Miina (2007). The independent variables
tested in model construction were the stand characteristics measured in regular forest invento-
ries (Hmean ,Tij and Nij). The linear mixed effect model was constructed by REML-method in
R-program.
 The model form is:
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in which ?0ij = ?0 + u0ij
where Hdomij is the dominant height of the stand (m), Hmeanij is the mean height of the stand
(m), Nij is the stand density (stems ha-1), Tij is  the  stand  age  (yr),  PLANT6 , PLANT7 and
PLANT2 are categorical variables referring if the plot locates in plantation in Þjórsárdal, Hau-
kadal and Norðtunga, respectively. ?0, ?1,??2, ?3, ?4,??5 and ?6 are the estimated fixed parame-
ters, u0i is  the  random  stand  effect  (between  stands)  and ?ijkl is  the  random  error  term.  The
fixed parameter estimates, the variance estimate for random stand effect and random error
term are presented in Table 15.
The logarithmic transformation of the predicted variable requires a bias correction term before
transforming the predictions back to original scale:
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where ? ?meanijkdonijk HH ?ˆln is the prediction for difference between stand dominant height and
stand mean height by Equation 26, 20ˆ iju? is the variance estimate for the random stand effect
and 2ˆ?? is the variance estimate for the random error of the model.
Table 15. The estimates of fixed parameters, variances estimates of random stand parameter
and standard error.
Parameter Estimate Standard error t value p value
?0 -3.0547 0.5874 -5.2007 0
?1 0.2619 0.1030 2.5434 0.0125
?2 0.3792 0.0623 6.0887 0
?3 -7.8771 4.0551 -1.9425 0.0548
?4 -0.5192 0.0915 -5.6743 0
?5 -0.4633 0.0952 -4.8663 0
?7 -2.498 0.0891 -2.8053 0.0063
?u0ij 0.1622
?? 0.3115
All these explanatory variables are statistically significant at 0.05 level except the variable of
logarithm of mean height divided by age. However, that variable was included to the model
because without it the model RMSE and bias were not as good as with the model including
the variable of logarithm of mean height divided by age. Also Akaike’s information criterion
(AIC) used in model form selection supported the inclusion of the variable.
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The  RMSE  of  the  model  is  0.23  m  and  the  RMSE% is 27.18 %. The bias of the model is -
0.010 m and so the model overestimates the average prediction of the difference between
stand dominant height and mean height with 1.16 %.
As seen in Figure 25 the residuals of the model do not show any clear trend but they are not
perfectly homogeneously distributed over the range of predicted differences between stand
dominant height and mean height either. The residuals are calculated from the bias-corrected
and original scale transformed predictions.
Figure 25. The residuals of the dominant height model (Eqn. 26) as a function of predicted
values of the difference between stand dominant height and mean height.
The goodness of fit figure of the prediction model equation of the difference between stand
dominant height and stand mean heights is shown in Figure 26. The variation of estimated
values for the difference between the two heights over the range of measured differences is
not homogeneous. The model underestimates the predictions in the case of smaller differences
and overestimates in the case of larger differences of stand dominant heights and mean
heights.
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Figure 26. The goodness of fit figure of dominant height model. The black dots present
measured differences between dominant height and mean height of a stand as a function of
predicted values by the model.
5 DISCUSSION
The aim of this study was to find proper models for predicting lodgepole pine growth and
yield. The genuine need for growth and yield models was guiding the principles of this study.
One example of these principles is that the independent variables had to be the same as ones
measured in forest inventory. The linear and non-linear mixed models and regression models
were fulfilling these desires. The models constructed can be utilized as a chain of models
(Figure 27) which eventually result tree and stand characteristics.
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Figure 27. The chain of models and calculations which results tree and stand characteristics
for present and for the future in 5-year periods.
The amounts of measured stands and plots themselves were large enough for relevant model-
ling. In stead the several measuring points in totally different regions of factors affecting to
tree growth caused wide variation in the modelling data. This was a challenge in model con-
struction. The variation of climatic areas and environmental effects were included to the data
if they were statistically significant. The data was not covering the whole range of different
stand ages. The lack of stands of age over 50 years, as seen in Figure 2, made modelling diffi-
cult for older forests because there was not enough measured data from them.
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These models can be applied for lodgepole pine plantation all over Iceland with some limita-
tions. The models are not recommended to be extrapolated according to ranges of variables of
the modelling data. Generally, these models are for single species lodgepole pine plantations
older than 15 years old and younger than 68 years old.
The tree height models were both used in earlier studies making it easier to conduct compari-
sons between the results of this study and the findings of earlier studies. Both models got
nearly same parameter estimates as in their reference studies. According to Eerikäinen (2003),
the RMSE and RMSE% for the linear type of model were 1.53 m and 8.6 %, respectively. The
bias  in  his  study  was  -0.1  m so  the  model  is  overestimating  the  predictions  with  0.4  %.  All
these reliability figures of the linear height model have the same magnitude as their counter-
parts in this study. The linear height model of this study has one independent variable less
than the model by Eerikäinen (2003). Mabvurira & Miina (2002) has got RMSE of 2.08 m
and RMSE% of 13.7 % for their non-linear height model. The bias of their model was 0.19 m
so the model underestimates the predictions with 1.2 %. The RMSE figures of the non-linear
model form are close to results of this study but the bias of this study is greater and with dif-
ferent sign than Mabvurira & Miina got. The user of the height models of this study should do
the choosing of the proper model form.
The dominant height and its development are needed for yield calculations. The Schumacher
function (1939) has been proved to be a good model form for dominant height-age relation-
ship (e.g. Lappi 1991, Lappi & Malinen 1994, Eerikäinen 1999). Because of these earlier re-
searches it was safety to fit the Schumacher-equation to this data. Same equation gave good
results also in this study. The coefficients of this study for dominant height models fixed part
are about the same size as Lappi & Malinen (1994) got. The stand age used in dominant
height modelling is the age counted from planting the trees, so that is not the biological age of
individual trees. The plants could have been grown in Icelandic nurseries but they could have
come from abroad too. So it is not possible to know for sure where the plants have come from
and how old have they been when planted them. Another thing to be remembered while utilis-
ing this model is that there was no stands younger than 15 years old in this data. The lack of
older than 50 years old stands (Figure 2) may has had an effect to the dominant height model-
ling.
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The bark thickness measurements can have measurement errors because of the used meas-
urement tool. Small lodgepole pines have very thin bark and the smallest measured bark
thickness was 1 mm which is too much for the smallest trees. At a point of comparison large
lodgepole pines (d > 20 cm) have a wide range of bark thicknesses (0.2 cm to 1 cm). This
made the finding of bark thickness equation very challenging and the found equation of this
study is not the best possible as seen in residuals (Figure 8) and goodness of fit figures (Fig-
ure 9). The measurements of lodgepole pines thin bark agree with Lähde et al. (1982) findings
on Finnish lodgepole pine plantations. In their study the bark thickness had a linear relation-
ship with breast  height diameter and the bark thickness got over 1 cm in a tree breast  height
diameter of about 30 cm. These figures are larger than figures from Icelandic measurements
in this study. According to Lähde et al. (1982) bark thickness of lodgepole pines inland varia-
tion Pinus contorta ssp. latifolia is not very thick and it seldom is thicker than 5 mm. P. con-
torta ssp. contorta has thicker bark than ssp. latifolia.  As  a  conclusion  of  bark  thickness
model could be said that there are differences in bark thicknesses between plantations because
of the random effects were only for the plantation level. The climatic circumstances are vary-
ing between plantations so this theory could be true. The equation of bark thickness in this
study is the same as Pesonen (2006) used for Icelandic larch. In her research the coefficients
of the model were about the same as in this study. Pesonen (2006) got better RMSE and bias
values  in  her  research  than  this  study  obtained.  The  indicators  of  better  results  are  also  Pe-
sonen's (2006) figures of residuals and goodness of fit.
The modelling data of the past 5-year diameter increment model included a wide variation of
different sizes of trees so the model can be safely applied to a large scale of trees. The model
was the same as Pesonen (2006) used in a logarithmic form so the comparison to this study
can not be done.  The model of this study was already applied during this study because there
was a need to estimate some variables for 5 years ago.
Fitting  model  for  diameter  increment  for  the  future  in  5-year  period  was  found from the  re-
search of Pesonen (2006). In this study the same equation was used as in non-linear form so
the comparison of the results can not be done. There is a possibility for measurement errors in
drillings for getting data for diameter growth. Possible errors in measurement were caused by
different drilling height which was not always exact 1.3 m above ground. Another cause for
error is the angle of drilling. It was not always exact right-angle (90º) against tree surface or
right  towards  the  centre  of  the  tree.  Van  Laar  &  Akça  (2007)  have  presented  same  type  of
measurement errors.
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The  diameter  distribution  was  decided  to  be  done  with  Weibull  function.  During  the  model
construction became obvious that both of the two Weibull-parameters should be modelled.
When comparing the calculation method for obtaining the c-parameter and the prediction
model equation the result was that modelling gave better estimates for the c-parameter. The
model forms for both parameters of the two-parameter Weibull function were easy to find
when utilising previous studies of same subject. The Weibull parameter prediction models are
fitting well the modelling data so the models give reliable estimates. The comparable re-
searches were difficult to find because of the model forms.
The three-parameter version of Weibull distribution could give more exact estimates of di-
ameter distribution of a stand. In three-parameter Weibull distribution the third, parameter a,
presents the location of the distribution (e.g. Rennolls et al. 1985). This study did not use the
third parameter even though the data collected for this study included the minimum diameter
which is used in calculation parameter a.  The  minimum  diameter  is  not  often  measured  in
regular forest inventories because it is expensive to measure (e.g. Rennolls et al. 1985) and
this is why the three parameter version of Weibull was not used. Because the starting point of
two-parameter Weibull distribution is always zero, there might come up some problems. For
example for stands with only large trees there will be theoretically generated small trees too
when using the two-parameter Weibull (Forss et al. 1998).
While modelling stem volumes of individual trees (Eqn. 21) widely used model form proved
to fit the data best. There were different sizes of trees in the modelling data and it is an advan-
tage in model construction. Thus, the model can be applied to wide range of tree sizes. The
spline interpolation method used for stem volume calculation is descriped in more detailed in
the article by Eerikäinen (2001a). This method was chosen for stem volume estimation be-
cause it is quite easy to measure relative heights of felled trees. The taper curves were not
modelled in this study.
As reference studies for volume modelling are those of Laasasenaho (1982), Pohjonen (1991)
and Forss et al. (1998). The coefficients in both latter studies were similar to this study.
Laasasenaho (1982) got for Pinus sylvestris 8.04 % as relative standard error of same form of
volume equation as the volume equation in this study. Forss et al. (1998) got for Acacia man-
gium 0.02296  as  RMSE  of  the  model  and  RMSE%  was  9.6  %  which  are  similar  to  this  re-
search. The number of observations in their data was 126 and the range of stem volumes were
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between 0.007 m3 and 0.789 m3 so they had larger trees than this research. The dimensions of
trees were similar to this study when comparing the diameter at  breast  height.  The total  tree
heights were higher in Forss et al. (1998) study data than this research data.
There was already a model for stem volume of lodgepole pine in Iceland. The volume equa-
tion by Snorrason & Einarsson (2006) has been constructed from 48 trees harvested all around
the country. This amount of trees is less than the data of this study.  Their equation is a non-
logarithmic transformation of the equation form used in this study so the coefficients cannot
be compared with each other. The ranges of both dimensions (breast height diameter and total
height) in their research were wider than in this study.
The theoretical self-thinning frontier model is a guide to estimate the theoretical limit or fron-
tier which cannot be crossed while estimating the stand densities. It has been found that on
log-log scale the relationship is linear when the slope of the line is about -3/2. The slope de-
pends on species. This relationship has been called Yoda's -3/2 power rule (e.g. Kellomäki &
Nevalainen 1983, Mabvurira & Miina 2002, Vanclay & Sands 2009). Especially in even-aged
stands with one species and complete crown closure, the rate of self-thinning has been found
to be considerable regular. But the parameters of the self-thinning model vary according to the
tree species with different shade tolerance, site type and locality (Hynynen 1993).  Mabvurira
& Miina (2002) got following fixed coefficients for the same model form used in this study:
?0 = 12.0409 and ?1 = -1.5196, of which the latter one (slope) is very close to the Yoda's -3/2
power rule. The model estimated by Mabvurira & Miina (2002) as a function of the data of
this study is shown in Figure 28. From it can be seen that the stands with smallest measured
mean diameters at breast height were not at the theoretical self-thinning frontier despite of
dead trees on those plots. Hynynen (1993) got also a self-thinning model form close to Yoda’s
rule with RMSE of 437 stems ha-1 and RMSE% of 17.4 %.
In this study the slope of the self-thinning curve is not even close to the rule of Yoda. A possi-
ble reason of error is selection of the data. The cause of the death of a tree was not fully rec-
ognized or even researched during the measurements so the selection of the stands for this
model  is  done  with  limiting  amount  of  knowledge.  Also  the  data  is  on  very  small  range  of
mean breast height diameters (8.3 – 18 cm). Anyway, this self-thinning model is not necessar-
ily wrong because Zeide (1987) has declared a statement that limiting line of self-thinning
does not have a constant slope of -3/2. A more realistic self-thinning model would be a curve
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which is a result of crown closure and gap dynamics (Zeide 1987).The self-thinning limit of
Icelandic lodgepole pine needs more studies.
Figure 28. The black line presents the self-thinning frontier of this study and the red line is
self-thinning frontier estimated by Mabvurira & Miina (2002) as a function of the data of this
study (the black dots). The solid part of the lines presents the limits of data of this study and
the dashed lines present extrapolated values.
The assisting models were easy to construct. The prediction model for stand age could be
used for fulfilling the forest inventory data collected by Iceland Forest Service. The dominant
height of a stand is needed for utilizing the models constructed in this study. If stand dominant
height is not measured in forest inventory is can be predicted with the prediction model for
the difference between stand dominant height and mean height. Huuskonen & Miina (2007)
had the dominant height of a stand as an independent variable in their corresponding model
form. It cannot be compared to this model because of different predictors. Nevertheless, the
dominant height of the forest is highly recommended to be measured during the forest inven-
tory.
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It is recommended that in the future, the modelling studies could be focused on the develop-
ment of growth and yield models for other tree species in Iceland in order to facilitate the es-
timation of biomass or stand volume, for instance. Also forest management and planning be-
comes  easier  with  proper  predictions  of  the  future  yields  for  different  tree  species.  Another
aim in further research could be investigation of the importance of the geographical influence
in forest growth. These models are applicable in Iceland with some limitations but more local
models could give better predictions. It was recognized that the geographical area has some
influence into the modelled variable with some of the models of this study. The geographical
and climatic conditions can be remarkably different with each other so more local models
could give better predictions.
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